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Midterm Review Problems I

This handout contains a set of problems to help you practice for the upcoming midterm exam. We'll
release solutions to these problems on Friday, along with an extra set of practice problems.

Problem One: Translating into Logic
i. Given the predicates

Person(p), which states that p is a person, and

ParentOf(p₁, p₂), which states that p₁ is the parent of p₂,

write a statement in first-order logic that says “someone is their own grandparent.” (Para-
phrased from an old novelty song.)

ii. Given the predicates

Natural(n), which states that n is a natural number, and

Integer(n), which states that n is an integer,

along with the function symbol  f(n), which represents some particular function  f, write a
statement in first-order logic that says “f : ℕ → ℤ is a bijection.”

Problem Two: Graph Subdivisions
In this question, you'll explore a way to transform one graph into another by obtaining its subdivi-
sion. Intuitively, the subdivision of an undirected graph G, denoted Sub(G), is the graph formed by
taking each edge in G, breaking the edge in half, and joining the two halves together by adding a
node into the middle of the edge. For example, here's a graph G and its subdivision:
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Formally speaking, given a graph G, we can form its subdivision Sub(G) as follows. For each edge
{u, v} ∈ E, create a new node euv. Then, replace each edge {u, v} with two edges {u, euv} and {euv,
v}. This resulting graph is Sub(G). (Intuitively, the subdivision of  G is formed by “splitting” each
edge into two edges, with a new node inserted in the middle.)

Prove that if G is an undirected graph, then Sub(G) is bipartite. (Hint: Can you find a “natural” way
of splitting the nodes in Sub(G) into two groups?)



Problem Three: Repeated Squaring
In many applications in computer science, especially cryptography, it is important to compute exponents
efficiently. For example, the RSA public-key encryption system, widely used in secure communication, re-
lies on computing huge powers of large numbers. Fortunately, there is a fast algorithm called  repeated
squaring for computing xy in the special case where y is a natural number.

The repeated squaring algorithm is based on the following function RS:

RS ( x , y)={
1 if y=0

RS ( x , y /2)
2 if y is even  and y>0

x⋅RS (x ,( y−1)/2)
2 if y is odd  and y>0

For example, we could compute 210 using RS(2, 10) follows:

In order to compute RS(2, 10), we need to compute RS(2, 5)2.
In order to compute RS(2, 5), we need to compute 2·RS(2, 2)2.

In order to compute RS(2, 2), we need to compute RS(2, 1)2.
In order to compute RS(2, 1), we need to compute 2·RS(2, 0)2.

By definition, RS(2, 0) = 1
so RS(2, 1) = 2·RS(2, 0)2 = 2·12 = 2.

so RS(2, 2) = RS(2, 1)2 = 22 = 4.
so RS(2, 5) = 2·RS(2, 2)2 = 2·42 = 32.

so RS(2, 10) = RS(2, 5)2 = 322 = 1024.

The RS function is interesting because it can be computed much faster than simply multiplying x by itself
y times. Since RS is defined recursively in terms of RS with the y term roughly cut in half, RS can be eval-
uated using approximately log₂ y multiplications. (You don't need to prove this).

Prove that for any x   and any ∈ ℝ y  , that ∈ ℕ RS(x, y) = xy. (Hint: use complete induction on y.)


